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1. Introduction
The structure of gravitational coupling terms in the action for a D-brane probe moving in
a curved space is of interest in many contexts, in particular, in brane-world constructions
and gauge theory – string theory duality.
The standard Born-Infeld [1, 2] action for a D-brane [3, 4] in flat space [5] has a direct
generalization to curved ambient space1
SDBI = −T(p)
∫
dp+1σ e−φ(X)
√
det [(Gµν(X) +Bµν(X))∂αXµ∂βXν + Fαβ ] + ... .(1.1)
Dots stand for various higher-derivative corrections (present already in flat space [6]). We
shall ignore the well-known WZ-type couplings to R-R potentials and concentrate on the
parity-even part of the action.
One may wonder still if the action (1.1) correctly describes the gravitational couplings
of the D-brane even to the lowest order in derivatives. A way to determine the precise form
of the low-energy D-brane effective action is to compare the corresponding vertices with the
open–closed string S-matrix on the disc. Several of such studies checking the consistency
of (1.1) and extending it to the next (4-th) derivative order were carried out in the past
[7, 8, 9, 10, 11, 12, 13]. It was found (in agreement with expectation based on the leading
gravitational interaction term on the disc in type I string theory being R2 [14]) that there
is no Einstein-type R-term in the D-brane action in type II superstring case2 but there are
O(α′2) correction terms [11, 13, 12]
L(p) = T(p)
√
Ge−φ
(
1− 124 (4π
2α′)2
32π2
[(RT )αβγδ(RT )
αβγδ
−2(RT )αβ(RT )αβ − (RN )αβij(RN )αβij + 2R¯ijR¯ij]
)
. (1.2)
1We absorb 2πα′ into the U(1) gauge field strength.
2R-term does appear in the bosonic string D-brane action [15, 16].
– 1 –
Here α, β, .. = 0, 1, ..., p are the “parallel” and i, j, .. = 1, ..., 9 − p are the “transverse”
indices and the tensors RT and RN are constructed from the world-volume and normal
bundle connections and involve the second fundamental form (see [11, 13] for details).
Note that (1.2) cannot be written just in terms of the curvature of the induced metric.
The analysis of [11, 13] excluded the standard R term but it did not address the
possible presence of a Brans-Dicke type Rf(X) terms, e.g., RX2, where X stands for the
“transverse” (Xi) scalar components and R is the curvature in the directions parallel to
the brane.3
One may actually rule out the presence of similar terms with explicit X-dependence
on quite general grounds. For example, given a supergravity soliton, its effective action
may be derived in a static gauge. Since Xi is a goldstone boson reflecting the breaking
of translational invariance, the action should depend on it only through ∂X.4 Also, from
the string-theory side, the U(1) gauge invariance combined with T-duality relation be-
tween Fαβ and ∂αXi implies that the effective action reconstructed from string amplitudes
should depend only on derivatives of the embedding coordinates. For example, we may
start with the D9-brane action which does not contain transverse X-scalars; its action
is
∫
d10σ e−φ[
√
det(Gαβ + Fαβ)+ higher-derivative terms + α
′2R2-terms +...]. Assuming
that the space-time metric is flat in some 9−p (toroidal) directions we may apply T-duality
in these directions. That will effectively convert the corresponding components of Aα into
Xi; we should then finish with a Dp-brane action in a curved metric in “parallel” directions,
and there is no way it can contain Rf(X) terms.
At this point one may wonder how the absence of the RX2 term in D3-brane action is
consistent with the AdS/CFT correspondence. One needs the standard conformal coupling
term 16RX
2 for the 6 scalars of the N = 4 SYM theory to define the conformal stress tensor
operator for the scalars, so one would expect this term to be present in a D3-brane probe
action. This apparent puzzle was implicit already in [17, 18, 19, 20].5
This puzzle was effectively resolved in [23]. As was explained there, starting with
a negative curvature Einstein space with a conformal boundary with an arbitrary curved
boundary metric gαβ (e.g., asymptotically AdSp+2 space), and considering a Dp-brane
probe placed close and parallel to the boundary and described by the standard DBI action
(1.1), one finds the effective conformal coupling term p−24(p−1)R(g)r
2 for the normal-direction
scalar r (r2 = XiXi in the AdS5 × S5 case). In more detail, expanding the metric gαβ in
3One might wonder whether the previous analysis of curvature corrections was somehow incomplete. In
[13] it was shown that the results of [11] had several ambiguities which had to be fixed before one could
conclude that (1.2) is indeed the correct action to order α′2. The case of the RX2 term has a similar
ambiguity as we shall discuss below.
4There is also a functional dependence of the background fields on X = X¯ + X˜, e.g., Gµν(X) ≃
Gµν(X¯) + X˜
i∂iGµν(X¯) + . . ., but it results only in terms with normal derivatives of the background fields
which we are not interested in.
5One needs this curvature coupling term to argue [19] that the moduli space is lifted when SYM theory is
defined on a sphere. This term is also crucial for conformally-invariant coupling of SYM theory to external
conformal supergravity sources [20] needed to define the partition function form [21, 22] of the AdS/CFT
correspondence.
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geodesic distance from the boundary6 and plugging the expansion into the induced-metric
determinant part of the DBI action for the brane, we get indeed the Rr2 coupling between
the boundary curvature and the normal scalar. It should be stressed that this curvature
coupling term originates not from an additional contribution to the DBI action but rather
from a specific choice of (the expansion of) the bulk metric, which is curved in both the
boundary and the normal directions. The Weyl invariance of the normal scalar coupling to
the curved boundary metric is again a consequence of the specific embedding of the brane
in the AdS-type space with a conformal boundary.7
To complement the above (already convincing) arguments, we decided to explicitly
verify the absence of the RX2 term in the D-brane action by a first-principle – string
S-matrix – computation. The previous discussions based on comparing the 3-point (one
graviton h – two scalar X) amplitudes are not sufficient for this purpose. Here we are
interested in the case when the gravitons are polarized along the D-brane world-volume
directions.8 In this case the RX2 term gives vanishing contribution to hXX amplitude.9
The direct way to rule out the RX2 term is then to compute the 2-graviton – 2-
scalar (hhXX) 4-point superstring amplitude on the disc (with the Dp-brane boundary
conditions) and to compare it with the field-theory amplitude predicted by the sum of the
bulk Einstein action and the DBI action (1.1). This is what we are going to do below. We
shall start with the superstring computation in sections 2 and 3 and then show in section
4 that the result is in complete agreement with the DBI action at the second-derivative
order.
For completeness, let us briefly mention some other work on gravitational couplings
on the brane. While there is no tree-level R-term on D-branes of type II superstring
theories, such term may be induced at 1-loop string level in the case of reduced amount
of supersymmetry (see [24, 25]). In the case of D-branes in bosonic string (and non-BPS
branes in superstring) in addition to tree-level R-term one expects to find Rf(T ) couplings
for the open string tachyon T [15]. In the case of branes in AdS case (in the RS set-up [26])
one generically finds (by performing zero-mode analysis [27, 28] which should be related to
the discussion in [23]) Brans-Dicke type terms on the 3-brane.
6It is crucial here that eq. (3.6) in [23] holds for the specific choices of the embedding and the metric.
Then the radial coordinate r can be identified with the Riemann normal coordinate at the point we expand,
and the expansion of the metric near the boundary will have the form gαβ(x, r) = gαβ(x, 0)+
1
3
r2Rrαrβ+. . . .
7In more general backgrounds or for different orientations of the brane one may end up with other
effective couplings which may not be Weyl-invariant.
8In general, in the case of the “transversely” polarized gravitons, there is an ambiguity of adding terms
like (DiΩ
i
αβ)g
αβX2 and (DiDµξ
ν
i )Π
µ
νX
2 where we have used the normal frame ξµi and the second funda-
mental form Ωiαβ (Π
µν
≡ ∂αX
µ∂αX
ν). The bulk covariant derivatives are projected to the normal and
tangent bundles using the projectors δijξµi ξ
ν
j and Π
µν [11, 13]. Such terms with appropriate coefficients
can cancel the contribution of RX2 term to the hXX amplitude without any influence on the four-scalar
amplitude.
9Notice also that the possible ambiguities mentioned in the previous footnote give individually vanishing
contributions and do not lead to any contradiction.
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2. Preliminaries
As explained above, we intend to compute the tree-level (disc) scattering amplitude involv-
ing two closed-string modes – gravitons polarized along the brane – and two open string
modes – scalars X describing transverse fluctuations of the brane. This computation is
aimed at determining whether a world-volume coupling RX2 is present in the D-brane
action. Notice that the contribution from such a term to the one graviton – two scalar
amplitude is vanishing as a result of the lowest order equations of motion.
D-branes are non-perturbative string states [4]. This means that they are not part of
the ordinary string spectrum and at weak coupling have infinite mass compared to string
modes. In space-time D-branes are represented as static p-dimensional defects. As usual,
that means that we must impose different (Neumann and Dirichlet) boundary conditions
on the tangent and normal directions to the D-brane,
∂⊥X
α |∂Σ= 0
Xi |∂Σ= 0 (2.1)
The Greek indices (α = 0, 1 . . . , p), correspond to the coordinates parallel to the brane (we
shall call them “world-volume” directions) and the Latin ones (i = p + 1, . . . , 9) – to the
coordinates in the directions normal to the brane.
Before presenting details of our calculation, let us review the basic formalism of string
vertex operators and their expectation values on the disc. We follow closely the review of
[8] and references there, in particular [10, 7].
The string operators for an NS-NS massless closed string have the following general
form
V (z, z¯) = ǫµν : V
µ
s (z) : : V
ν
s (z¯) : (2.2)
where µ = 0, 1, . . . , 9 and s = 0,−1 denotes the superghost charge or equivalently the
picture in which the operator is defined. The total superghost charge on the disk is required
to be Qsg = −2 as a consequence of the super-diffeomorphism invariance. The holomorphic
parts of the in the pictures 0 and 1 are given by:
V
µ
−1(p, z) = e
−φ(z)ψµ(z)eip·X(z) (2.3)
V
µ
0 (p, z) = (∂X
µ(z) + ip · ψ(z)ψµ(z))eip·X(z)
The Green’s functions on the disc are found using the method of image charges on a two
dimensional surface [31]. Each string vertex inserted at position z on the disc has an image
at 1z¯ . Imposing Neumann or Dirichlet boundary conditions we find the correlators on the
disc [29, 8, 30, 13]:
〈∂zXµ(z)ei(Dp)·X(w¯)〉 = i(Dp)
µw¯
1−zw¯
〈∂z¯Xµ(z¯)eip·X(w)〉 = i(Dp)
µw
1−z¯w
〈∂zXµ(z)∂w¯Xν(w¯)〉 = η
µν
(1−zw¯)2
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〈ψµ(z)ψν(w)〉 = − ηµνz−w (2.4)
〈ψµ(z)ψ¯ν(w¯)〉 = i Dµν1−zw¯
〈c(z1)c(z2)c(z3)〉 = CghostD2 (z1 − z2)(z2 − z3)(z1 − z3)
〈c(z1)c(z2)c¯(z¯3)〉 = CghostD2 (z1 − z2)(1− z1z¯3)(1 − z2z¯3)
〈e−φ(z)e−φ¯(w¯)〉 = 11−zw¯
whereDνµ reverses signs of the fields with Dirichlet conditions and is defined in [9] (D
λ
µDλν =
ηµν).
We shall specialize to the case of a scattering involving only “world-volume polarized”
gravitons. As we shall see in section 4 the field theory computation simplifies considerably
for such a choice of polarizations, mainly because in such a case the tadpole diagram of
a graviton with a “transverse” scalar is vanishing. We have the following conditions on
the momenta and polarizations due to lowest order equations of motion and momentum
conservation:
k1 + k2 + p+ q = 0 , Tr(ǫ1) = Tr(ǫ2) = 0
ǫ1 · p = 0 , ǫ2 · q = 0 (2.5)
ζn · p = ζn · q = ζn · kn = 0 . (2.6)
Here n = 1, 2 labels the two scalars with momenta kµn and polarizations ζ
µ
n while graviton
momenta are p and q and their traceless polarization tensors have non-zero components
only along the world-volume directions of the brane. All momenta are assumed to have
only “world-volume” components being non-vanishing.
3. String theory amplitude
The correlator we need to compute is:
Astring ∝
∫
|z|≤1 d
2z
∫
|x|=1
dx
x 〈c(z′)c¯(z¯′)V µν(−1,−1)(z′, z¯′)V ρσ(0,0)(z, z¯)
(c(x)− c(x¯))V i(0)(x)V j(0)(x¯)〉 (ǫ1D)µν(ǫ2D)ρσζ1i ζ2j . (3.1)
Here we have fixed the SL(2, R) Mobius symmetry gauge by setting the position of one of
the two gravitons to be at the center of the disc z′ = z¯′ = 0 and the positions of the two
open string scalars to be at the complex conjugate points (x, x¯) at the boundary of the
disc. 10
The correlators of the ghosts and superghosts are (using (2.4)):
〈(c(x) − c(x¯))c(0)c¯(0)〉 = CghostD2 (x− x¯)
〈e−φ(0)e−φ¯(0)〉 = 1
10We thank Ashoke Sen for pointing out an error in SL(2) gauge fixing in the original version of this
paper.
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Since the scalars have polarizations only in the transverse direction and all momenta are
in world-volume directions the computation simplifies considerably. From V i(0)V
j
(0) we need
only to retain the following correlators:
〈∂Xi∂Xj〉 = − η
ij
(x− x¯)2 , 〈ψ
iψj〉 = − η
ij
(x− x¯) , (3.2)
with all other correlators (coming from the cross product of world-sheet scalars and fermions
in the V i(0), V
j
(0) vertices) producing vanishing contributions. It is easy to check that
given the symmetries of the ǫ1, ǫ2 tensors, the part in V
µν
(−1,−1)(z
′, z¯′)V ρσ(0,0)(z, z¯) multiplying
〈∂Xi∂Xj〉 in (3.2) is vanishing. It remains then to compute the following correlator
〈k1 · ψ(x)k2 · ψ(x)[ψα(0)ψ¯β(0)
(∂Xγ ∂¯Xδ + i∂Xγq · ψ¯ψ¯δ + i∂¯Xδq · ψψγ − q · ψψγq · ψ¯ψ¯δ)]
[e2ik1Xe2ik2XeipXeipX¯eiqXeiqX¯ ]〉 (3.3)
which should be multiplied with 〈ψiψj〉 in (3.2) and (ǫ1D)µν → (ǫ1)αβ , (ǫ2D)ρσ → (ǫ2)γδ .
After some tedious computations and using the symmetries of the polarization tensors
and the symmetry under interchange of the two scalars we arrive at the following result for
the integrand in (3.1) (we ignore overall numerical coefficient and isolate the polarization
tensor factors ǫ1, ǫ2, ζ
1, ζ2):
Astring ∼ i|1 − x¯z|4q·k1|1− xz¯|4q·k2|z|2p·q(x− x¯)4k1·k2+1ηij (3.4)[
kα1 k
β
2 (k
γ
1k
δ
1 I1 + k
γ
1k
δ
2 I2)
−kα1 kγ1 (k2q ηβδ − kδ2qβ) I3
−kα1 k
γ
2
2 (k2q η
βδ − kδ2qβ) I4 − k
γ
1k
α
2
2 (k1q η
βδ − kδ1qβ) I5
+12(k1q η
αγ − kγ1qα)(k2q ηβδ − kδ2qβ) I6
]
+ (1↔ 2)
Here (1↔ 2) stands for symmetrization under interchange of the two scalars and the two
graviton polarizations and momenta, and
I1 =
|1 + x¯z|2
|1− x¯z|2|z|2 , I2 =
(1− |z|2)2 + |z|2(x2 + x¯2)− (z2 + z¯2)
|1− x¯z|2|1− xz|2|z|2 , (3.5)
I3 =
(1 + x¯z)(1 − xz¯)2(1 − xz)x¯− c.c.
(x− x¯)|1− x¯z|2|1− xz|2|z|2 , I4 =
(1− xz)(1 + xz¯)x¯− c.c.
(x− x¯)|1 − x¯z|2|z|2
I5 =
(1− xz¯)(1 + xz)x¯− c.c.
(x− x¯)|1 − xz|2|z|2 , I6 =
((1− |z|2)2
|1− xz|2|1− x¯z|2|z|2 .
Next, we should perform the integration over the world-sheet coordinates x and z, z¯.
Since we are interested only in determining the RX2 contribution, we do not actually need
to compute the whole integral: it is sufficient to extract the terms with only two powers of
the momenta. Given that all the terms in (3.4) have four powers of momenta we should
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just extract the residues of the poles on the disc.11 The integrand has various poles. The
integral over z has poles at z = 0, x, x¯. There are no poles when x → x¯ as we can easily
infer from (3.4),(3.5) except possibly when z → x → x¯ → ±1. This latter case will be
discussed later in this section.
We need to keep in mind now that when we are integrating poles at x, x¯, residues
should be taken with factor 1/2 since they are at the boundary of the integration region.
As a first step we expand each of the integrands in (3.5) in some small region around each
pole of z. The residue is extracted using the standard rule (see, e.g., [32], eq. (4.7)):∫
dy y−1+α
′kikj → − 1
α′kikj
. (3.6)
For example, let us consider I1 in (3.5) which has poles at z = 0, x =
1
x¯ . Expanding
around a given pole both I1 and the terms in the first line of (3.4) we get:∫
dx
x
(x− x¯)4k1·k2+1
∫ 2π
0
dθ
∫
r>ǫ
dr r r2pq−2 → 8π
2pq
, (3.7)
∫
dx
x
(x− x¯)4k1·k2+4q·k2+1
∫ π
0
dθ
∫
r>ǫ
dr r |1 + 1|2r4q·k1−2 → 8π
2q · k1 .
We have introduced an UV cut-off ǫ which we take to zero when we extract the poles.
We take the limit α′ → 0, i.e. expand in powers of momenta, for all exponents which do
not contain singular terms.12 We have also accounted for the relative factor 12 between
poles at the boundary and in the interior by integrating θ only from [0, π] in the second of
(3.7). Notice that the x = eiϕ integral has decoupled in the pole regions from the one over
z and is equal to
∫ π
0 dϕ sinϕ = 2 for all the cases in (3.7).
13
One may worry that there also poles at z → x¯ or x→ x¯ in the expression above. These
potential singularities could appear at the points of the disc where the three operators
approach each other, z = x = x¯ = ±1. As we argue in Appendix A there are no massless
poles in these cases other than those considered in (3.7).
Following the same procedure for all terms in the amplitude and symmetrizing with
respect to the two scalars we get:
Astring ∼ (k1ǫ1k2)[−(k1ǫ2k1) qk24(qk1)(pq) − (k2ǫ2k2)
qk1
4(qk2)(pq)
+ (k1ǫ2k2)
1
2pq ]
− 14pq [(k1ǫ1ǫ2k1)(k2q) + (k2ǫ1ǫ2k2)(k1q)− (k1ǫ1q)(k1ǫ2k2)− (k2ǫ1q)(k1ǫ2k2)] (3.8)
+ k1q4(k2q)(pq) [(k1ǫ1ǫ2k2)(k2q)− (k1ǫ1q)(k2ǫ2k2)] +
k2q
4(k1q)(pq)
[(k2ǫ1ǫ2k1)(k1q)− (k2ǫ1q)(k1ǫ2k1)]
+ 14pq [Tr(ǫ1ǫ2)(k1q)(k2q)− (qǫ1ǫ2k2)(k1q)− (qǫ1ǫ2k1)(k2q) + (qǫ1q)(k1ǫ2k2)] + (1↔ 2)
where (1 ↔ 2) stands for the remaining symmetrization in graviton polarization and mo-
menta. The apparent “double-pole” momentum factors ( 1(qk1)(pq) , etc.) here can be elimi-
nated by using momentum conservation.
11There is a possibility that we have residues of poles which do not diverge as we take the limit α′ → 0.
These lead to higher order contact terms and can be ignored.
12Keeping these contributions would produce only higher order corrections.
13The integration region is chosen to be [0, π] since the remaining region up to 2π corresponds to exchange
of the open string states which was taken into account explicitly in (3.4).
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As a check, one may demonstrate that the result is gauge invariant under (ǫi)µν →
(ξi)µpν + (ξi)νpµ (the first and fourth lines of (3.8) each are separately gauge invariant,
while the second and third lines combine into a gauge-invariant expression).
Using conservation of momentum to eliminate some q-momenta in terms of k1 and k2,
and symmetrizing in the graviton polarizations, we arrive at a much simpler expression:
Astring ∼ 2(ζ1ζ2)
[
(k1ǫ1k2)(k1ǫ2k2)
1
2pq + (k1ǫ1ǫ2k2)
k1q
2(pq) + (k2ǫ1ǫ2k1)
k2q
2(pq)
+(k1ǫ1k1)(k2ǫ2k2)
k1q
4(k2q)(pq)
+ (k2ǫ1k2)(k1ǫ2k1)
k2q
4(k1q)(pq)
+Tr(ǫ1ǫ2)
(k2q)(k1q)
4(pq)
]
(3.9)
4. D-brane field theory amplitude
Let us now compare the string-theory result with field theory amplitude that follows from
graviton–scalar interaction terms in D-brane action.
The full field-theory action contains the standard bulk supergravity action (written in
the Einstein frame)
S10 = − 1
2κ2
∫
d10x
√−g [R− 1
2
(∂φ)2 + ...] , (4.1)
and the D-brane action. The low energy dynamics of a Dp-brane in a curved space is
encoded in the DBI action. The D-brane action contains the world-volume massless scalar
fields Xµ(σ) (the embedding coordinates of the p-brane in the ambient space-time) and the
U(1) gauge fields Aα(σ) coupled to the bulk supergravity fields (σ
α are the world-volume
coordinates). In addition, there are supersymmetric partners of these fields but they will
be irrelevant for our present discussion. We shall also ignore the WZ type term describing
well-known coupling of D-brane to the R-R potentials. In terms of the Einstein-frame bulk
metric gµν the DBI action may be written as
SDBI = −Tp
∫
dp+1σ e
p−3
4
φ
√
− det[g˜αβ(X) + e−φ/2B˜αβ(X) + e−φ/2Fαβ ] , (4.2)
where g˜αβ = gµν(X)∂αX
µ∂βX
ν , B˜αβ = Bµν(X)∂αX
µ∂βX
ν are the pull-backs on the
brane of the corresponding bulk tensors.
Our aim is to compute the 2-graviton (h)– 2-scalar (X) tree amplitude and to compare
it with string-theory result, to see if we need to introduce some additional second-derivative
interactions to the DBI action like RX2.
The field-theory amplitude will contain contact hhXX contribution from the DBI
action, a scalar exchange between the two hXX vertices, and also a graviton exchange
between the closed string vertex hhh present in the bulk supergravity action and the hXX
vertex present in the DBI action (see Fig.1). Since there is no bulk coupling for the dilaton
of the form φhh there will be no dilaton exchange diagram, i.e. the dilaton (and Bµν)
contributions may be ignored in the present case. The scalar–gauge field couplings are
also irrelevant, i.e. we may set Aα = 0. An even more significant simplification is that
our choice of momenta and polarizations for the graviton excludes mixing vertices like
– 8 –
∂αXihαi. These ”tadpole” diagrams would have complicated considerably the field theory
computation since we would have to include diagrams with two and even three intermediate
states.
Expanding the induced metric in (4.2) near the flat space and using the static gauge
Xα = σα we get (α = 0, ..., p; i = 1, ..., 9 − p)
g˜αβ = gαβ(σ,X) + 2gi(α(σ,X)∂β)X
i + gij(σ,X)∂αX
i∂βX
j (4.3)
gαβ = ηαβ + 2κhαβ(σ,X) , gij = δij + 2κhij(σ,X) , gαi = 2κhαi(σ,X) . (4.4)
In what follows we shall assume that the graviton is polarized parallel to the brane, i.e.
hij = 0 = hαi.
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Figure 1: This figure shows three types of contributions to the scattering amplitude, both in string-
theory (upper raw) and field-theory (lower raw) representation. In string diagrams darker dots stand
for the graviton vertices and lighter dots for the scalar vertices; the double line is an open or closed
string propagator. In field-theory diagrams the wiggly lines are graviton and straight lines are scalar
propagators. The first contribution is a contact term (coming from the region when all 4 points on
the disc are close to each other). The second one is the s-channel exchange contribution originating
from the factorization of the disc into two discs connected by a scalar propagator (corresponding to
the region where points come close pairwise). The third diagram corresponds to the region where
the points of graviton insertions are close to each other so that the amplitude factorizes to a sphere
and a disc connected by a graviton propagator.
To expand the square root of the determinant in (4.2) we use formula√
det(δαβ +M
α
β) = 1 +
1
2M
α
α − 14MαβMβα + 18 (Mαα)2
+16M
α
βM
β
γM
γ
α − 18MαβMβαMγγ + 148(Mαα)3 . . . (4.5)
Using Fourier representation for the fluctuations hαβ and X
i and expanding (4.2) we get
the following scalar propagator and hXX and hhXX vertices (multiplying them by i)
P
j
i = − iδ
j
i
k2
(4.6)
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V hXX = −2iκTp(ζ1ζ2)(k1ǫk2) (4.7)
V hhXX = 4iκ
2Tp(ζ1ζ2)[(k1ǫ1ǫ2k2) + (k2ǫ1ǫ2k1)− 12(k1k2)Tr(ǫ1ǫ2)] . (4.8)
To compute the graviton exchange contribution we will need also the hXX vertex with
off-shell graviton (which we shall denote by Hµν , with polarization tensor Eµν)
V HXX = −2iκTp
[
(ζ1ζ2)(k1Ek2)(ζ1ζ2)− 1
2
(ζ1ζ2)(k1k2)E
µ
µ − (k1k2)(ζ1Eζ2)
]
. (4.9)
The graviton propagator corresponding to the bulk Einstein action is
(PH)µν,λρ = − i
2p2
(ηµληνρ + ηµρηνλ − 1
4
ηµνηλρ) , (4.10)
while the vertex for the two on-shell gravitons and one off-shell one is [33]:
V (H,h1, h2) = −4κ(Hµν − 12ηµνHλλ )[hρσR
(1)
ρµσν
−14hρσ,µhρσ,ν + 12hρµ,σ(hσν,ρ − hρν,σ)] , (4.11)
R
(1)
ρµσν =
1
2(hνρ,µσ + hµσ,νρ − hµν,σρ − hρσ,νµ) .
The relevant field-theory amplitude contributions are shown in Fig. 1. The contact con-
tribution is given by the V hhXX term in (4.8):
(Ac)
hh
XX = iκ
2Tp(ζ1ζ2)
[
4(k1ǫ1ǫ2k2) + 4(k2ǫ1ǫ2k1)− 2(k1k2)Tr(ǫ1ǫ2)
]
. (4.12)
The contribution from the exchange of a scalar field (s-channel) is:
(As)
hh
XX = (V
i)hXXP
j
i (Vj)
h
XX = 2iκ
2Tp
[
(k1ǫ1k1)(k2ǫ2k2)
1
k2q
+ (k1ǫ2k1)(k2ǫ1k2)
1
k1q
]
,
(4.13)
where we have symmetrized in both scalars and gravitons. Finally, it is long but straight-
forward to compute the contribution from the exchange of a graviton (t-channel) using
(4.9),(4.10) and (4.11):14
(At)
hh
XX = (V
µν)HXX(PH)µν,λρV
λρ(H,h1, h2) = iκ
2Tp
[
− 2(k1ǫ1ǫ2k2)(k1qpq + 1)
−2(k2ǫ1ǫ2k1)(k2qpq + 1)− Tr(ǫ1ǫ2) (k1q)(k2q)pq − (k1ǫ1k1)(k2ǫ2k2) k1q(k2q)(pq)
−(k1ǫ2k1)(k2ǫ1k2) k2q(k1q)(pq) − 1pq (k1ǫ2k2)((k1ǫ1k1) + 2(k1ǫ1k2) + (k2ǫ1k2))
+ 1pq (k1ǫ1k2)((k2ǫ2k2) + (k1ǫ2k1)) + (ǫ1 ↔ ǫ2)
]
. (4.14)
Combining (4.12),(4.13) and (4.14) and using the symmetry under ǫ1 ↔ ǫ2 in (At)hhXX to
simplify some terms, it is possible to show that the field theory amplitude reproduces the
14It turns out that the last term in V HXX does not actually contribute due to the structure of the three-
graviton vertex.
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string-theory amplitude (3.9). This rules out the presence of an extra RX2 term in the
DBI action.
The only potential caveat could be the following. Since we have not been careful to
include the normalization factors in the string amplitude, the agreement is only up to
the overall coefficient. One could imagine that RX2 term could produce a contribution
which is also proportional to the full string amplitude (3.9). However, this possibility is
excluded as RX2 cannot give an s-channel contribution present in the string amplitude.15
One may also try to add some other terms which could account for an additional s-channel
contribution; the only candidate with the right number of momenta is XiΩ
iα
α , where Ω
i
αβ
is the second fundamental form [11, 13]. Such term, however, is proportional to the lowest-
order equations of motion and therefore can be removed by a field redefinition.
We conclude that the standard DBI action (4.2) is in full agreement with the string
S-matrix at the second derivative order.
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Appendix A On singularities of the string amplitude
Our aim here will be to show that the contribution to the amplitude from the region in
the integration space where the three vertex operators (of graviton at point z and two
scalars at points x and x¯) approach each other at the same time is finite. We will study
the integral from the I1 term in (3.5):∫
dx
x
∫
d2z|1− x¯z|4q·k1|1− xz¯|4q·k2|z|2p·q(x− x¯)4k1·k2+1 |1 + x¯z|
2
|1− x¯z|2|z|2 (A.1)
where x = eiϕ. We want to examine the integral for z → x. Let us expand the integrand
around z = x+ρeiθ where ρ is radial distance from the boundary of the disc and θ ∈ [0, π].
We want the leading contribution for α′ → 0, i.e. to lowest order in momenta, so we take
the momenta to zero for any term in the integrand as long as this does not produce a
singularity. We get this way:
− 4
∫ π
0
dϕ
∫ π
0
dθ
∫
ρ>ǫ
dρ ρ4q·k1−1(sinϕ)4k1·k2+1|1− e2iϕ + ρeiϕ+θ|4q·k2 (A.2)
15It may still contribute to the t-channel since it modifies the V HXX vertex.
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where ǫ is a radial cut-off with the upper limit of the radial integration not specified but
assumed to be small enough for our approximation to make sense. Now we can split the
integration over ϕ into two regions. One far from ϕ = 0 and another close to it. The latter
corresponds to the limit where x → x¯ which we wish to examine and we will cut-off the
singular region by the same parameter ǫ as for the radial direction. It is more rigorous
to split the integration as:
∫ pi
2
ǫ =
∫ A
ǫ +
∫ pi
2
A , where A ≪ π2 is an irrelevant constant which
should drop out at the end. We also integrate only up to ϕ = π2 since there is also the
antidiametric point ϕ = π which we need to treat in a similar manner. The evaluation in
the first region gives:
−4
∫ pi
2
A
dϕ
∫ π
0
dθ
∫
ρ>ǫ
dρρ4q·k1−1(sinϕ)4k1·k2+1 → 8π cosA( 1
4q · k1+log ǫ) ∼ 8π(
1
4q · k1+log ǫ)
(A.3)
where in the last expression we expanded for small A and kept only the A-independent
terms. For the second region we can expand the integrand in (A.2) for small ϕ as well:
∫ A
ǫ
dϕ
∫ π
0
dθ
∫
ρ>ǫ
dρρ4q·k1−1ϕ4k1·k2+1|ρ2 + 4ϕ2 − 4ϕρ sin θ|4q·k2 (A.4)
Now we can change coordinates from “cartesian” (ρ, ϕ) to polar (λ, ω) through the trans-
formation: ρ = ǫ(1 + λ sinω), ϕ = ǫ(1 + λ cosω). The first set of coordinates has the
range (ρ > ǫ, ϕ > ǫ) and the second one16 (λ > 0, ω ∈ [0, π2 ]). Doing this coordinate
transformation in (A.4) and expanding in powers of the cut-off ǫ we get:
ǫ2
∫ pi
2
0
dω
∫ π
0
dθ
∫
0
dλ ǫ4q·k2+4q·k1+4k1·k2(1 + λ sinω)4q·k1−1(1 + λ cosω)4k1·k2+1 (A.5)
where we took the zero momentum limit in the last term of (A.4) after the change of
variables. Using momentum conservation we can show that the exponent of ǫ is equal to
two. The integral will be regular and cut-off independent in the limit ǫ → 0. We can
therefore take safely A = 0 since all the singular terms come from (A.3).17 Adding the
contribution from the ϕ ∈ [π2 , π] region of integration we arrive to the expression from
(3.7).
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